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REDUCTION ARGUMENTS FOR GEOMETRIC INEQUALITIES ASSOCIATED 
WITH ASYMPTOTICALLY HYPERBOLOIDAL SLICES 

YE SLE CHA, MARCUS KHURI, AND ANNA SAKOVICH 


Abstract. We consider several geometric inequalities in general relativity involving mass, area, 
charge, and angular momentum for asymptotically hyperboloidal initial data. We show how to 
reduce each one to the known maximal (or time symmetric) case in the asymptotically flat setting, 
whenever a geometrically motivated system of elliptic equations admits a solution. 


1. Introduction 

In |47j . Schoen and Yau proved the spacetime version of the positive mass theorem for asymp¬ 
totically flat initial data by utilizing a reduction procedure involving the so called Jang equation 
m- For asymptotically hyperboloidal slices of asymptotically flat spacetimes, a similar reduction 
argument was given [l8] (see also m) in which solutions of the Jang equation are required to possess 
hyperboloidal asymptotics. This type of solution to the Jang equation results in a deformation of the 
initial data, which transforms the original asymptotically hyperbolic structure into an asymptotically 
flat structure and preserves the mass up to multiplication by a positive constant. In addition, the 
Jang equation imparts a positivity property to the scalar curvature of the deformed data. As in 
m this yields a conformal change of metric to zero scalar curvature, from which one may conclude 
nonnegativity of the mass as a consequence of the time symmetric case [56] of the positive mass 
theorem in the asymptotically flat setting. The existence of solutions to the Jang equation with the 
desired hyperboloidal asymptotics has recently been established in [55] (see also [55]). 

In this paper we seek to generalize this strategy of transforming asymptotically hyperboloidal data 
to asymptotically flat data, so that it may be applied to several geometric inequalities motivated by 
the standard picture of gravitational collapse and the (weak) cosmic censorship conjecture [101142] . 
Namely, the inequalities that shall be treated here include the Penrose inequality [illHlEe], the 
Penrose inequality with charge [sllEaiMlET], the positive mass theorem with charge [aiiaiss], 
the mass-angular momentum inequality [nmniiig], the mass-angular momentum-charge inequality 
[la [isiisiiiH], as well as a lower bound for the area of black holes in terms of mass, angular 
momentum, and charge [21]. In the asymptotically flat setting, the general case of each of these 
inequalities may be reduced to the known maximal (or time symmetric) case by solving a canonical 
system of equations specific to each inequality [SliaiZllSlE3l33]. The main equation involved shares 
a resemblance to the classical Jang equation, and the solution is chosen to vanish at spatial infinity. 
In the setting of asymptotically hyperbolic data arising from asymptotically hyperboloidal slices, we 
will show that these Jang-type equations may be solved with the hyperboloidal asymptotics produced 
in [441 [55] for the classical Jang equation. Thus, with a similar procedure, all these inequalities for 
asymptotically hyperboloidal slices are reduced to solving a canonical system of equations. 
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2. Notation and Definitions 


Consider an initial data set (M, g, k) for the Einstein equations modeling an asymptotically hyper- 
boloidal, spacelike hypersurface, in an asymptotically flat spacetime. This consists of a Riemannian 
3-manifold M with asymptotically hyperbolic metric g, and asymptotically umbilic extrinsic curva¬ 
ture k. We define such an initial data set to be asymptotically hyperboloidal if it possesses an end 
which is diffeomorphic to S'^ x [rg, oo), and in this region there are coordinates such that 


( 2 . 1 ) g = gQ + a, k = go + b, 

where go = is the hyperbolic metric with a the round metric on S"^, and 

(2.2) arr = -^ + 03 {r~^), ara = 03 {r~^), + 03 (r"^), 

k 

(2.3) brr = 02{r~^), bra = 02(r~^), bag = —^ + 02ir~^), 

r 

with Greek letters denoting indices for coordinates on Here m®, are tensors and is a 
function, all on 8“^ and independent of r. The notation h = Oi{r~^) asserts that r^~^'^\d'!rd'^h\ < C for 
all i -|- I 7 I < I, and also for later use h = asserts that lim^-^oo h = 0 for all i -k I 7 I < I- 

We note that these assumptions can be reformulated, and even weakened in the context of Sections 
[ 3 II 5 ] below, by using weighted Holder spaces, see e.g. [T9] . 

The quantities m^, and m*' encode mass through the formula 


(2.4) m = - [ 

^ ^ Ibvr Js2 

where the integrand is the so called mass aspect function. Note that in referring to m as mass this is a 
slight abuse of terminology, as this quantity is physically the total energy, that is, the first component 
of the energy-momentum vector (see O Definition 1.4]). Definitions of the energy-momentum vector 
in the case of asymptotically hyperboloidal initial data with more general asymptotic behavior at 
infinity can be found in m, m- 


Trcr fm® + 2m^) -|- 2m^ 


Remark 2.1. Clearly, the quantity m defined by (|2.4p allows interpretation as mass, that is length 
of energy-momentum vector, provided that the coordinate chart at infinity is such that the linear 
momentum vanishes. Such a coordinate chart at infinity is called balanced. Note that if the energy- 
momentum vector is timelike with respect to a given chart at infinity then there is an isometry 
I of the hyperbolic space (EI^j^io) such that the chart / o $ is balanced. This is a consequence of 
the fact that the energy-momentum vector transforms equivariantly with respect to Lorentz boosts 
which in turn restrict to (nonlinear) isometries of the hyperbolic space. 


The initial data also satisfy the constraint equations 

(2.5) 2g, = R +(Trgk)'^ -\k\‘^g, J = divg{k - {Trgk)g), 

where g and J are the energy and momentum density of the matter fields, and R is scalar curvature. 
Moreover, the dominant energy condition is given by 

( 2 . 6 ) k^>\J\g- 

For geometric inequalities involving electromagnetic charge, we will make use of initial data for 
the Einstein-Maxwell equations {M,g,k,E,B). Here E and B are vector fields representing the 
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induced electric and magnetic field on the slice. Such data will also be referred to as asymptotically 
hyperboloidal, if in addition to the requirements above the electromagnetic field satisfies 


(2.7) 


Er,Br = 0{r-^), E^,B^ = Oir-^) 


\EL + \BL = 0{r-^) 


The energy and momentum density of the non-electromagnetic matter fields is given by 
(2.8) 2fj.EM = R + {Tvgkf -\k\l- 2{\E\l + \B\l), Jem = diVg(A: - (Trgk)g) + 2E x B, 


where {E x B)i = eijiE^B^ is the cross product with e the volume form of g. The quantities divg E 
and divg B are interpreted as the electric and magnetic charge density, and the following inequality 
will be referred to as the charged dominant energy condition 


(2.9) 

Note that 

( 2 . 10 ) 


JEM > \ JEM\g + ^ (I diVgE\ + | diVg B\) 


Qe = 


-/ 

Jsr 




Qb = 


-/ 


9{B, Ug 


are well-defined in light of the fall-off conditions dlZD, where Sqo indicates the limit as r —)■ oo 
of integrals over coordinate spheres Sr, with unit outer normal Ug. Here Qe and Qb denote the 
total electric and magnetic charge respectively, and we denote the square of the total charge by 

Q^ = Ql + Ql 

When the initial data have a boundary dM, it will consist of an outermost apparent horizon. 
That is, each boundary component S C dM satisfies 0+{S) := Hg + Trsk = 0 (future horizon) 
or 0-{S) := Elg — Trgk = 0 (past horizon), where H denotes mean curvature with respect to the 
normal pointing towards null infinity, and no other apparent horizons are present. Furthermore, in 
some cases the initial data will have ends which are not asymptotically hyperboloidal, but are rather 
asymptotically flat or asymptotically cylindrical. We say that an end is asymptotically flat if it is 
diffeomorphic to \ Ball, and in the Cartesian coordinates x® given by this diffeomorphism the 
following fall-off conditions hold 


(2.11) \gij - 5ij\ + \x\\dgij\ + \x\ \ddgij\ = 0{\x\ ), \kij\ + \Ei\ + \Bi\ = 0{\x\ ) as |x| oo 


For such an end, the ADM mass is well-defined and given by 


( 2 . 12 ) 


1X1 adm — ^Gtt / djgii^U^ 

'X Soo 


where again we abuse terminology as this is physically the energy. The asymptotics of cylindrical 
ends is most conveniently described in Brill coordinates, see Section [6l 

In each section that follows, we will detail a reduction argument for a different geometric inequality 
associated with asymptotically hyperboloidal initial data. Hence, each inequality will be reduced to 
solving a canonical system of equations. Moreover, we will show that the primary (or Jang-type) 
equation in each system may be solved independently with the desired asymptotics needed for the 
procedure. 


3. The Penrose Inequality 

Well known heuristic arguments of Penrose [42 1 143] lead to the Penrose inequality for asymptot¬ 
ically null slices in asymptotically flat spacetimes. Given asymptotically hyperboloidal initial data 
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(M, g, k) satisfying the dominant energy condition, the Penrose inequality [39] states that 
(3.1) 


m > 


A 

IGvr 


where A is the minimum area required to enclose the outermost apparent horizon. We will denote 
the region outside of the outermost minimal area enclosure of the horizon by M, so that A = |(9M|. 

Consider a graph M = {t = f(x)} inside the warped product 4-manifold (M x R, g + u^dt^), then 
the induced metric on M is given by g = g + u^df'^. Here u is a nonnegative function to be chosen 
appropriately. If the generalized Jang equation 


(3.2) 







uVijf + Uifj + Ujfi 


l + «2|V/|2y ^ ^l + n2|V/|2 


- kij I = 0 


is satisfied, then M is referred to as the Jang surface and the Jang metric g obtains a desirable 
positivity property for its scalar curvature. In particular, the scalar curvature of the Jang graph 
UM is weakly nonnegative and given by 

(3.3) R = 2{g - J{w)) |7r - /c|j 2\q\j - 2u~^ diYg{uq), 


where vr is the second fundamental form of M in the dual Lorentzian setting (M x ’ 
w and q are 1-forms given by 

.s uVijf + Uifj + Ujfi ufi uP 

(3.4) TTij = - - , Wi = 


^l + u^\Vf\l 


^l + u^\Vf\j ^l + P\Vf\j 


l,g — u^dtp^ and 


: (vTjj kij ) . 


\g Y - ' “ I • J ig 

The generalized Jang equation was introduced to study the (non-time-symmetric) Penrose inequality 
in the asymptotically flat case. In this setting / vanishes at spatial infinity, and boundary conditions 
are imposed on dM to guarantee that the boundary of the Jang surface cIS is minimal; these boundary 
conditions often entail a blow-up of the Jang graph and are described in m, m- The existence, 
regularity, and blow-up behavior for the generalized Jang equation is studied at length in [21|. Also 
in this setting, the warping function u is assumed to vanish on dM, and to have an expansion in the 
asymptotic end of the form 

(3.5) u = 1-I-—-I-O2 

r y 

where uq is a constant. 

In the asymptotically hyperboloidal setting addressed here, the boundary conditions on dM and 
the expansion (13.51) will remain unchanged, however the behavior of the Jang graph in the asymptotic 
end will be completely different. Namely, in analogy with the approach to the positive mass theorem 
I, m we impose the following asymptotics at null infinity 


(3.6) f{r,9,<f) = + P + Alogr + B{9,(I)) + f{r,9,4>), 

where {9,(p are coordinates on 8“^, 


(3.7) 

and 

(3.8) 

for any e > 0. 


A = 2m, 


Tro-(m^ -|- 2m^) -|- 2m^ 


Tr^{mP + 2m^) + 2m^ 


2 


8vr Js 2 

- 


/ = 
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Lemma 3.1. If {M,g,k) is asymptotically hyperboloidal and (j3.5p - (j3.8p are satisfied then the Jang 
metric g = g + vfdf"^ is asymptotically flat, and the mass of the Jang metric is given by rriadm = 
2m + uq. 


Proof. It is clear that the manifold {M,g) has an end diffeomorphic to \ Ball, with coordinates 
y = (r, 6, (f>) as in (I2.2p . (12.31) . Let x denote the associated Cartesian coordinates, related to y through 
the usual (spherical coordinates) transformation. In what follows, i,j are indices for x-coordinates 
and a, b are indices for y-coordinates. It follows that 

(3-9) g^j = gtj + u^fifj = {gab + u^fafb) 

From (j2.2l) . (12.31) . (13.5p . (j3.6p . and (13.81) we have 

(3.10) grr + u‘^ fr = 1 + 0{r ^), gra + frfa = 0(1), ga/d + faf/3 = 'l^‘^f^a/3 + 0(1), 


which implies that 

(3.11) {gab + U^fafb) %i^ = ^^3 + 0{r-^) 

since ^ = 0(1), and = 0{r~^). Estimates on the derivatives of (13.91) may be obtained in a 
similar fashion, from which (j2.1ip follows. 

The mass rriadm of the Jang metric may be computed as in [l5]. Note that we can write (I2.12p in 
a coordinate free form as 

(3.12) rriadm = r^[ (div^ y - drr5y)(p), 

Ibvr o 


where b is the Euclidean metric. It is convenient to compute this integral in the spherical coordinates 
y. In this case we have 


(3.13) 


rr 


_ -pa _ pr 

rr ar 


= 0 , 


^0/3 “ ^cro/3) 


r ex. 

/3r 






7’ 


u , 

where Fh and (Fo-)^..^ are Christoffel symbols for the metrics 6 and a respectively, and hence 
(div5y)(u) = (div5y)(5r) 

— V r9rr r CJ ^ V j^gar 

(3.14) = drgrr “ ‘^^[r9lr + r~‘^ Cr°‘^ {dg9ar “ 

= + 0(r-3) 

= —2r“^ + 0{r~^). 


Furthermore 

diY s{u^df'^){u) = dws{u'^df'^){dr) 

(3.15) = Vriu^fr) + r-V“^V;3(l^Va/r) 

= 2uUrfr + 2u^frVrrf + r~^(J°‘^ {2uU0fafr + W^fr'^a^f + W^/«V/3r/), 


2MMr/r + ^U^/r-Vrr/ = — 2(uo + ^)r ^ + 0(r ^■'■'^), 

+ u^fa^firf) = + 0(r"^) = 0(r“^), 


with 

(3.16) 

(3.17) 
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and 


(3.18) 


frVafiif - B) 

= u^r~^frA^B - u^r~‘^a°‘^ - B)r + 0(r“^+^) 

= r-‘^A„B + 2u^r-^{frf + 0(r-3+=) 

= r~‘^A^B + 2r~^ + 4(uo + ^)r"2 + 0(r“^+''). 


Finally, we have 


(3.19) 


{dTrsg)iu) = dr{grr + r~'^ cr°^^9 ap) 

= drigrr + fr + r~^Cr°'^{9a0 + U^fafp)) 

= dr{u^ f^) + 0{r-^) 

= - 2 {uq + A)r-‘^ + 0(r“^+=). 

Summing up, we conclude that 


(3.20) 


madm = f [{AaB + Auq + 4^)r ^ + 0{r ^+^)] = uq + ^ = 2m + 
Soo 


UQ. 


□ 


Let {Sr} be an inverse mean curvature flow (IMCF) inside the Jang graph starting at the minimal 
boundary Sq = dM. If we choose 

(3.21) u = 



where |S't-| and Hr denote area and mean curvature of Sr, then the arguments in m, m imply that 
(3.22) Mh{oo) - \ -^ > Mh{oo) - Mh{0) > -^ [ ug{q, Ug) 

V lovr Stt JsovSs^ 

where Mh denotes Hawking mass and Vg is the unit outer normal with respect to g. Notice that by 
choosing u as in (13.211) . the generalized Jang equation is coupled to the inverse mean curvature flow, 
and we will refer to this set of equations as the Jang-IMCF system. All of this leads to the following 
theorem, which generalizes the results of 0, 0 to the asymptotically hyperboloidal case. 


Theorem 3.2. Let {M,g,k) be a 3-dimensional, asymptotically hyperboloidal initial data set with 
a connected outermost apparent horizon boundary, and satisfying the dominant energy condition 
hA \J\- If the coupled Jang-IMCF system of equations admits a solution satisfying the asymptotics 
dMll-dMl), with a weak IMCF (in the sense of mh and such that the boundary of the Jang surface 
is minimal, then dM]) holds and if equality is achieved then the initial data arise from an embedding 
into the Schwarzschild spacetime. 


Remark 3.3. This theorem may be generalized to the case of multiple black holes, by coupling 
the generalized Jang equation to Bray’s conformal flow [4]. Such a procedure has been described in 
detail for the asymptotically flat case in [25]. Moreover, the “only if’ part of the case of equality is 
not included in the statement above (or any of the theorems in later sections), as a consequence of 
the difference between the mass and energy at null infinity. 
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Proof. The (weak) IMCF becomes smooth for sufficiently large times, and approximates coordinate 
spheres in the asymptotically flat end. This result was established by Huisken and Ilmanen [25] 
for flows in Euclidean space, and they announced (in the same paper) that these results hold more 
generally in the asymptotically flat setting. From this one may obtain asymptotic expansions for the 
area and mean curvature of the flow surfaces to show that 


(3.23) 


Mnioo) = madm, 


and with the help of (13.5p 


(3.24) 


Mh{oo) 





1 - ( 1 + + 0{r 


By Lemma [3T] = 2m + uq and so m = —uq, or rather Mh{oo) = m. 

We note that it is only necessary to establish Mh{oo) < m in order to achieve (13.Ih . and this 
may be proven without (13.231) . To see this, recall that from [28] we have Mu{oo) < ffiadm, so 
(|3.24p implies that —uq < rriadm- Since rfladm = 2m + uq, it follows that —rriadm < —m. Therefore 
-no = 2m - madm < m. 

Consider now the boundary terms of (I3.22p . As in [5], [6| the inner term vanishes since n = 0 
on Sq. Furthermore, it is shown in the Appendix B that the term at null infinity also vanishes as 
a result of the asymptotics (|3.5p . ()3.6p . and with the help of (|3.23p . The desired inequality now 
follows, and the case of equality may be treated in the same way as in 0, 0- □ 


In order to lend further credence to the above procedure we show that solutions to the generalized 
Jang equation exist with the desired asymptotics at the horizon and at null infinity. For this we 
assume that (5, k) takes the form (12.11) with a and h as in (|2.2p and (|2.3I) additionally satisfying a^r = 
o-ra = 0; in this case = 0. We note that given sufficiently regular asymptotically hyperboloidal 
initial data (5, k) such that \g — golgo = 0{r~^) and \k — 5o|go ~ 0(r~^), one can perform a change 
of coordinates at infinity as described in the Appendix A to achieve = CLra = 0, and this change 
of coordinates does not affect the mass aspect function. 

Theorem 3.4. Given a smooth positive funetion u, vanishing on dM and satisfying (1^ . there 
exists a smooth solution to the generalized Jang equation (|32D which blows-up (down) at the future 
(past) apparent horizon boundary components and also possesses the expansion (|3.6p . Moreover, 
precise asymptotics at the horizon are given as in |24j . 

Proof. The blow-up (blow-down) and asymptotics at the horizon follow directly from the methods 
of [21]. In order to obtain the expansion (13.6p one may essentially follow the proof in [JS] (see also 
|44| f. which although was designed for the classical Jang equation (that is when u = 1), is still valid 
in this more general case. 

The construction of barriers remains essentially the same. The idea is to look for barriers of the 
form f{r,6,(j)) = ({r) + B{9,4>), where is defined by (13.71) . In order to determine (, it is 
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convenient to use the substitution 


(3.25) 


p{r) = 


C{r)VTT^ 


+ (1 + r2)('(r)2 

so that —1 < p < 1, and p = ±1 when (^' = ±oo. We remark that 

1 + (1 + r2)C'2 


/3{r,e,ip) = 


n-2 + |V/|2 


(3.26) 


l + (l-p2 )(u-2_i + |vi3|2) 

= l-^^^(l-p2) + 0(r-2), 

r 

.-2^ 


whereas the more simple expansion [3 = l+0(r“2) holds in the setting of |44ll45j : in (I3.26P the relation 
uq = —ffiadm is used, which follows from (I3.23jl and (I3.24jl . Nevertheless, a careful computation shows 
that for / as above we have 


Hf) 


+ |V.8|2) 


=p' + 


P 




1 — p2 

Vl + r 


(3.27) 


+ 0(r-^) 


1 -p2 ^ ^ ^ 

2 ^ _|_ y .2 j ,2 ^2 


Ayjl — p2 
r'^y/l + r2 


+ 0(r-^) 


1 -p2 ^ ^ 

1 + r2 r2 


+ 0{r ‘^) (p- 




+ 0(r-3)(l - p2) + 0(r-")(l - p") 


-2^ 


„2^2 


+ 0(r '^)-y/l - p2 -I- 0(r ^), 

where J^(/) is the left-hand side of the generalized Jang equation (13.2p computed for / = /. Following 
we define and p- to be solutions of the boundary value problems 


P± + 


P± 


V^' 


1-pI ^\I'^-p± 


Vl + r2 r2vT+72 


(3.28) 


±Cir 


-2 


1 3p± 

1 -|- r2 


J.2 J.2 


±C2r 


-2 


A-pI 
1 _1_ ^2 


iCgr 


-2 






± C'4r-3(1 - pI) ± C^r-\l - plf ± Cer-^^l-pl ± Cjr-^ = 0, 


(3.29) P±(ro)=Tl, 

where Ci, i = 1,..., 7, are positive constants. The same analysis as in [341145] applies to this system, 
the properties and the asymptotics of solutions remaining the same. This in turn gives rise to barriers 
/j. having the asymptotic expansion (13.6p . The rest of the proof proceeds as in [441145] . 

□ 

Remark 3.5. Since scalar multiplication is not a homothety for the hyperbolic metric, the estimate 
(|3.8p cannot be obtained by applying the rescaling technique directly to the generalized Jang equation 
([321). Instead, in order to show that Lemma l3.II and Theorem 13.21 hold for the metric g = g + 
one may argue as in [45] where the case u = 1 was considered. More specifically, from the proof of 
Theorem 13.41 we know that outside of a compact set the Jang graph M lies between the graph M_ 
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of the lower barrier /_ ; M —)• M and the graph M_|_ of the upper barrier : M —)■ M, where /_ 
and /+ have the asymptotic expansions (|3.6p - (l3.8p . Combining this with the estimate for the 
second fundamental form of M obtained in |24l Theorem 2.2] one may show that the asymptotic end 
of M can be viewed as the graph of the function h : M_ —>• M in the Gaussian normal coordinates 
adapted to M_ C M x M. Recall [5l [ 6 ] that the generalized Jang equation tells us that the mean 
curvature of M is equal to the trace of a certain extension of A: to M x M over M. Expressing this 
in terms of h : M_ —)• R will give a slightly more complicated equation than (|3.2jl . since the ambient 
metric will no longer have a warped product structure in the described coordinates. However, the 
induced metric on M_ is asymptotically Euclidean in the sense of (|2.11l) . which allows one to apply 
the rescaling technique to this equation and thereby derive the analogue of estimate (13. 8 p for the 
function h. Translating this back to the setting in which M is expressed as the graph f : M ^ M 
then yields the desired estimates. 


4. The Penrose Inequality with Charge 


Let (M, g, k, E) be an initial data set for the Einstein-Maxwell equations as described in Section [2 
with E divergence free. Eor simplicity in this section, we will assume that the magnetic field vanishes 
H = 0. We seek a deformation of the initial data to (M, 5 , E) such that the charged dominant energy 
condition holds weakly in the time symmetric case, that is R > 2 |E||. when integrated against an 
appropriate test function. Moreover, several other aspects of the geometry should be preserved, 
namely 

(4.1) fnadm = m, Qg = Qe, diVgE = (1 + u^|V/|g)“^/^diVgE, \E\g>\E\g. 

This will be achieved by choosing g = g + u^df'^ where / solves the generalized Jang equation having 
the asymptotics and boundary behavior as in Section [3l and also with the same choice of warping 
factor (13.2111 . In particular, combining the arguments in the previous section with ideas from [22] we 
obtain rfladm = "i- Furthermore, by choosing 


[ 22 ]. We will now show that Qe = Qe- 


- _ E, + u^fiPEj 
1 + « 2 | v /|2 

the last two properties of (14.ip are satisfied, as is shown in 
First observe that 



(4.3) 

|V/|2~r2, 

fr ~ 1 , r ~ 

r = 0 {r-‘ 

(4.4) 

and by (12.71) 


uf = 0{r-% ~ r, 

< = 0{t- 


(4.5) fEj = fEr + 0{r-^) = ©(r"^). 

It follows that 

= r-\Er + u^frPEg) + r- 3 (E„ + u^fafEj) + 0 (r- 3 ) 

(4.6) „ 

= rEr + 0(r-3) 

= E,u*+0(r-3), 

which yields the desired conclusion. 
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Theorem 4.1. Let (M, g,k, E) be a 3-dimensional, asymptotieally hyperboloidal initial data set for 
the Einstein-Maxwell equations with a connected outermost apparent horizon boundary, and satisfying 
the charged dominant energy condition fiEM > \Jem\ cls well as dwgE = 0. If the coupled Jang- 
IMCF system of equations admits a solution satisfying the asymptotics (1321)-dMl), with a weak IMCF 
(in the sense of m), and such that the boundary of the Jang surface is minimal, then 

(4.7) m > 

and if equality is achieved then the initial data arise from an embedding into the Reissner-Nordstrom 
spacetime. 

Proof. Since (14.11) holds, the theorem follows directly from the arguments in the asymptotically flat 
case [ 22 ] . □ 

Remark 4.2. Note that the Jang-IMCF system of equations is exactly the same as in Section [3l 
Thus, the existence result Theorem 13.41 provides further credence to the above procedure. Moreover, 
it should be possible to generalize this result to the case of multiple black holes if an additional area- 
charge inequality is satisfied by the horizon as in m- This will require a coupling of the generalized 
Jang equation to the charged conformal flow m- 

5. The Positive Mass Theorem with Charge 

Let (M, g, k, E) be an initial data set for the Einstein-Maxwell equations as described in Section 
|5J We will assume for convenience, as in the previous section, that the magnetic field vanishes, but 
here the electric field E need not be divergence free. Again we seek a deformation of the initial 
data to {M,g, E), where g = g + u'^df'^ and E is given in (|4.2p . As before, / solves the generalized 
Jang equation having the asymptotics as in Section [S] and boundary behavior (at the horizon) as 
described in |33|. However, the warping factor is chosen differently, and this will be outlined below. 

In order to choose u, we must describe the appropriate spinors on the Jang surface. Dirac spinors 
[11] are sections of the (vector) spinor bundle S over M with structure group SL{2,C). The (Jang) 
metric compatible connection on S is given by 

/ N — 1- 

(5.1) Vei = ei-\--uiijiej ■ ei- 

where uiiji = IjfNe,Nj,ei) are connection coefficients associated with an orthonormal frame held 
( 61 , 62 , 63 ), and • indicates Clifford multiplication. The Einstein-Maxwell spin connection on S, 
which is relevant for the positive mass theorem with charge [23], then has the form 

(5.2) Ve, = Ve, - ^E- 6 i -Co- 

where 60 is the unit normal to M in the (Lorentzian) warped product 4-manifold described in Section 
[3| Observe that this connection is not metric compatible due to the contribution of the electric held. 
Let r(5) be the space of cross-sections, then the Einstein-Maxwell Dirac operator if) : r(5) —)■ r(5) 
is dehned by 

3 

(5.3) Ipfj = 'y^^ei ■ Veiip, 

i=l 

and a spinor i/; on M is called harmonic if it satishes the Dirac equation 

(5.4) Ipif = 0. 
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The Dirac equation is coupled to the generalized Jang equation through the choice 
(5.5) R=|'0p. 

Lemma 5.1. Fix a complete asymptotically flat initial data set {M,'g,E), with asymptotically cylin¬ 
drical ends, and satisfying |i2| + | div-gE\ = o{r~^) as r ^ oo. Let if solve the Dirac equation (|5.4I) 
with "0 —)• V'o 'In the asymptotic end, where ifo is a constant spinor of modulus 1. Then u as defined 
by (j5.5l) has the asymptotic expansion 

(5-6) “ = 1 +V + O 2 ’ 

for any e > 0. Moreover uq = -2madm - Qei'f’o, eo • ipo)- 


Proof. Observe that 
(5.7) 


+ (lA, + 2|VlA|^ 


where Vg. g, = Vg.Vg. — Vy g, is the connection Laplacian. In what follows, calculations will be 

performed at a point where the orthonormal frame has been chosen such that Vg.Cj = 0; note that 
we also have VeiCo = 0 as the t = 0 slice is totally geodesic in the Lorentzian setting of the Jang 
deformation. Moreover, for simplicity Vg. will be denoted by Vj. If Ai = ^E ■ Ci ■ cq then 

0 = Ip =ei ■ (Vj - Ai) Cj ■ {Vj - Aj) Ip 

(5.8) =ei • Vj {ej ■ Vjfj) - e* • Vj (ej ■ Aj ■ ip) - a ■ Ai ■ ej ■ Vjip -\-Ci ■ Ai ■ Cj ■ Aj ■ ip 

= - ViViip + ^Rip - ei ■ ej ■ Aj ■ Viip - • ej ■ ViE ■ ej ■ CQ-ip, 

after applying the Lichnerowicz-Weitzenbock formula. It follows that 




(5.9) 


{ViViip, Ip) + {ip, ViViip) =-R\ip\^ - {a ■ ej ■ Aj ■ Viip, ip) - {ip, e* • ej ■ Aj ■ Viip) 

- ^((ei • ej ■ ViE ■ ej ■eQ-ip,ip) + {ip,ei • ej • ViE ■ Cj ■ eo • ip))- 


Moreover a computation shows that 


(5.10) {ei ■ Cj ■ ViE ■ ej ■ e^ ■ ip, ip) -\- {ip,ei ■ Cj ■ ViE ■ Cj ■ cq ■ ip) = -2{divg E){ip, cq ■ ip), 
and hence 

(5.11) Ag\ip\^ = 2\Vipf + ^Rlipl"^ - {ei ■ Cj • Aj • Viip, ip) - {ip, Ci ■ Cj ■ Aj ■ V iip) + {diYgE){ip, eo-ip). 

According to [H], in the asymptotically flat end ip = ipo and |ViA| = 0{r~‘^~^^^‘^) for 

all e > 0. This, combined with the assumption |i?| + | divg = o{r~^) implies that 

(5.12) Ag\iP\^ = o(r-3). 

It follows that u has the desired expansion (see for instance [50]). 

Lastly, we compute the value of uq. Observe that (|5.7I) may be rewritten as 

AgU = divg {{V,ip, Ip)) + divg {{ip, V,ip)) . 


(5.13) 
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Integrating by parts produces 


-inuo = / Ip) + 


+ Vg ■ P)) + + Ug ■ IPlp) 


(5.14) 


Ug ■ Ipip, Ip) + {lp, 


■ 


— STTmadm 




■ + {'tP, 


ZAv ■ 


Note that the asymptotically cylindrical ends do not contribute to a boundary integral, since in these 
regions u decays exponentially. Furthermore 

(5.15) Ipip = Ci ■ Vitp = ei ■ (Vi + Ai-)^: = a - Ai-pj, 
so that 

(5.16) {ug ■ Ipip, Ip) + {pj, Ug ■ Ipp)) = -g{E, h^){ip, eo-i). 

The desired result follows by combining (I5.14h and (I5.16h . □ 


Theorem 5.2. Let {M,g,k,E) be a 3-dimensional, asymptotically hyperboloidal initial data set for 
the Einstein-Maxwell equations with an outermost apparent horizon boundary, and satisfying the 
charged dominant energy condition (12.91) . If the coupled Dirac-Jang system of equations admits a 
solution satisfying the asymptotics dSSD-dsSD, dLH), and such that the Jang surface possesses an 
asymptotically cylindrical neck over the horizon, then 

(5.17) m>\Q\, 

and if equality is achieved then the initial data arise from an embedding into the Majumdar-Papapetrou 
spacetime. 


Proof. We have that M is valid, except for the equality of masses. Thus, we may follow the 
arguments in [33] and use the Lichnerowicz-Weitzenbock formula to obtain 

(5.18) < / IVV’P + • i/z) = 47r(marfm + Qe(V'o,eo • V’o)), 

^ JSoo Jm 4 

where TZ = R — 2|ii^||. — (div^ i?)eo. Note that there is no interior boundary integral on the left-hand 
side of (I5.18P : as in Lemma [5.11 this is due to the fact that the Jang surface has asymptotically 
cylindrical ends, which yields exponential decay of u in these regions. By Lemma [10.II and Qe = Qe, 
(I5.18P becomes 

(5.19) Uo-l-m<madm-\Qe\- 

This produces the desired result, since rriadm, = 2m -|- uq according to Lemma [3Tl Lastly, the case of 
equality is treated the same way as in [33]. □ 


Remark 5.3. It should be pointed out that slices of the Majumdar-Papapetrou spacetime which 
agree with at = const slice near the horizon do not fall under the hypotheses of this theorem, as such 
initial data possess asymptotically cylindrical ends. This is related to the fact that in order to obtain 
asymptotically cylindrical ends in the Jang surface, when the initial data have an apparent horizon 
boundary, use of blow-up solutions of the generalized Jang equation is required. Thus, more general 
types of boundary behavior for the generalized Jang equation are needed, if this theorem is to allow 
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initial data with asymptotically cylindrical ends. Note also that the existence result Theorem 13.41 
holds in this setting, and provides further credence to the above procedure. 

In order to satisfy the hypotheses of Lemma 15.11 concerning the fall-off of the scalar curvature and 
divergence of the electric field, it may be necessary to assume /z -|- \J\g = for e > 0. This 

extra condition together with the charged dominant energy condition (|2.9p and the relation between 
divergences in (|4.ip implies that | div^-T'l = Moreover, this condition also guarantees that 

\R\ = modulo a divergence term in light of the formula (13.31) . Due to the fall-off of the 

divergence term, uq in the expansion (15.61) may be a nonconstant function on the 2-sphere. This 
function can be determined from asymptotic expansions as follows. A computation shows that 

(5.20) + 0(r-3-=) 
where B is given in (13.71) . and so from (15.lip 

(5.21) Agu= +0(r-3-^). 

It now follows from the expansion (j5.6p that 

(5.22) A^uo = Acr(^ - uo), 

and hence 2tto = B + const. Lastly, it should be added that all the arguments of the current section 
go through with this version of uq after making suitable modihcations. Ultimately, the validity of the 
expansions will only be determined once the coupled system is solved. Here we are simply pointing 
out that the canonical expansions are consistent with one another. 


6. The Mass-Angular Momentum Inequality 


Let {M,g,k) be an initial data set as described in Section [2] with 


( 6 . 1 ) 






+ 02(r-®) 


where bi^J{9,(j)) is a function on 5^. In this section we assume further that M is simply connected 
and that there are two ends, one denoted which is asymptotically hyperboloidal, and the other 
M~^d which is either asymptotically flat or asymptotically cylindrical. It is also assumed that the 
initial data are axisymmetric; without this assumption the mass-angular momentum inequality is no 
longer generally valid [26]. By this we mean that there is a subgroup isomorphic to U{1) contained 
within the group of isometries of the Riemannian manifold (M, g ), and that all quantities associated 
with the initial data are invariant under the U{1) action. In particular, if g = denotes the Killing 
field which generates the symmetry, then 


( 6 . 2 ) £gg = Zgk = 0 , 

where 2^ is Lie differentiation. In the current setting, simple connectivity and axial symmetry 
imply m that M is diffeomorphic to \ {0}, where the origin represents a black hole and the 
neighboring geometry has the structure of an asymptotically flat or cylindrical end. The mass of 
the asymptotically hyperboloidal end will be denoted by m as usual, and the angular momentum is 
defined by 

^ ^ - iTrgk)gij)ulrf, 


(6.3) 
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where S is any surface enclosing the origin, with unit outer normal Ug. In order for this to be 
well-defined (independent of the choice of S), it is assumed that 

(6.4) JiTj^ = 0, 

which yields conservation of angular momentum [2T]; observe that (16.31) is equivalent to the limit 
definition which is also valid in the asymptotically flat setting 

(6.5) J = ^ f [kij - {Trgk)gij)vlrf. 

'J Soo 

The mass-angular momentum inequality states that m > 

We seek a deformation of the initial data {M,g,k) —)■ {M,'g,k) such that the manifolds are 
diffeomorphic M = M, the geometry of the end is preserved while the end becomes 

asymptotically flat, and 

(6.6) madm = m, J = J, J{ri) = Q, Trgk = Q, R>\k\^ weakly. 

Here J and J are the momentum density and angular momentum of the new data; the later is 
well-defined as in (16.3p since (16.4p holds after the deformation. With intuition from other Jang-type 
reduction procedures, and the fact that the Kerr spacetime is stationary, we search for a graph inside 
a stationary 4-manifold 

(6.7) M = {t = f{x)} C (M X M, 5 + 2Yidx^dt + (u^ - \Y\l)dt‘^), 
where all quantities are independent of t and are axisymmetric 

( 6 . 8 ) 2r,f = 2rjU = 2rjY = 0 . 

Let g be the induced metric on the graph and k be the second fundamental form of the t = 0 slice 
in the dual Lorentzian setting [7], that is 

(6.9) g,j = g,g + fiYj + fjY^ + -\Y\l)fJj, hj = ^ (V,Yg + VjYi) , 

where V is the Levi-Civita connection with respect to g. Moreover, the structure of the Kerr 
spacetime suggests that we make the following simplifying ansatz that Y has a single component 

( 6 . 10 ) Tdi-.= f^Ygdi = Y^d^. 

Thus, the deformation is defined by three functions {u,Y'^,f). In addition, ()6.10p implies [7] that g 
is Riemannian and Tr-gk = 0. 

We will now show how to choose the three functions {u,Y‘^,f). First, in order to have a well- 
defined angular momentum, and the existence of a twist potential which is needed to apply techniques 
from the maximal case m, dial) must hold for the new data, or equivalently 

(6.11) divgk{g) = 0. 

As is shown in [7], this is a linear elliptic equation for Y^ (if u is independent of Y'^), which has a 
unique bounded solution if the r“^-fall-off rate is prescribed at Therefore we will require the 

expansion 
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which also ensures that J = J■ Requiring the solution to be bounded implies the following asymp¬ 
totics at the other end 


(6.13) 

(6.14) 


= y + Oi(r^) in asymptotically flat 
Y<^ = y + Oi{r) in asymptotically cylindrical 


where 3^ is a constant determined by the data. Here r = is the ‘Euclidean distance’ from 

the origin in a Brill (or cylindrical) coordinate system {p,4>,z) in this end |llj . 

Next we choose / to satisfy the Jang-type equation 


(6.15) 


9 


M 


uVjjf + Ujfj + Ujfi 


- kij I = 0 




diVgiu^Vf) = u{Trgk)Jl + n2|V/|2. 


As with the deformations of previous sections, the purpose of this equation is to impart positivity 
properties to the scalar curvature. In particular, it is shown in [7] that 

(6.16) R - |A;|| = 2{p - J{v)) + \k - 7 r|g -|- 2u~^ diVg(riQ), 

where 


(6.17) 


uVijf + Uifj + Ujfi + + gj4,Yj) 




is the second fundamental form of the graph in the Lorentzian setting, 


(6.18) 


and 

(6.19) 


V = 


nf 


1 + U2|V/|2 


w = 


Qi = Y-^Vijf - ug^'-fikij + w^{k- 7 r)jj -h ufiw'-w\k - vr);^./l -h u2|V/|2. 


uf^ + u ^Y 


1 + U2|V/|2 


1 


If the dominant energy condition is valid, it follows that R > \k\^ weakly in the sense that this 
inequality holds after multiplying by u and integrating by parts (it will be shown in Appendix B 
that the boundary terms vanish). 

Before explaining how to choose u, we will record the asymptotics which allow an appropriate 
solution of the equation (|6.15l) . namely 




(6.20) u = l-\ -^- 7 ^ -^- 5 -h 02 (r ) as r ^ oc in 

where Ci = —madm and C 2 , C 3 are functions on the sphere S'^. At the other end the asymptotics 
are required to be 


( 6 . 21 ) 


n = + oi (r 2 ) as r —)• 0 in asymptotically flat M 


end'> 


( 6 . 22 ) n = r + oi(r 2 ) as r —?■ 0 in asymptotically cylindrical 

In order to facilitate the construction of sub and supersolutions for equation (j6.15p . asymptotics 
for / will be imposed which are more detailed than those in (I3.6p - (I3.8I) . In particular 

(6.23) f{r,e,cj)) = Vl + r^+A log r+B{0, (/>)-H +J{r, 6, (f) 


as r 


00 in M+^, 
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where A, B are given in (|3.7p and Pi, P 2 functions on 5^ such that 
Vi{e,4>) =ACi-Cl + 2C2 


(6.24) 

and 

(6.25) 


6P2(0» =hf)-2m^ + ^ [ 

Svr Jg 2 


Tru{ni^ + 2m^) + 2m^ 


+ 6C3 - 2C1P1 + 4.AC2 - 2ACf - 6C1C2 + 2Cf 
I=02{r-^). 


On the other end the following asymptotics will be imposed 

(6.26) r“^|V/|g + r“^|V^/|g <C in asymptotically flat M~^ 


(6.27) |V/|g + |V^/|g < Orz in asymptotically cylindrical 

Lemma 6.1. If is asymptotically hyperboloidal and (I6.12p . p6.20p . p6.23p . and ^6.251) are 

satisfied then the data set {M^^, g, k) is asymptotically flat. Furthermore, the mass is given by 
rnadm = 2m + Ci. 


Proof. Asymptotic flatness follows from Lemma l3.II and the fact that = 0(r ^). More precisely, 
the computations from Lemma 2.1 of [ 7 ] yield 

(6.28) = g^^Yt Y, = g.^Y^ = g^^Y'^ = {g^^ + fiY^)Y^ = [g,^ + fig^,pY^)Y^, 

and 

(6-29) gij = gij + {figjfp + fjgi4>)Y'^ + {u^ + g(pipiY^)'^)fifj, 

so that 


(6.30) 


9ij = 9ij + u fifj +0{r ) = 5ij + 0{r ), hj = 0{r ) 


Estimates on the derivatives of may be obtained in a straightforward way. Moreover, the formula 
for the mass follows from the expansion (|6.2Up and a similar computation to that in the proof of 
Lemma 13.11 □ 


We now show how to choose u. In light of Lemma 16.11 and the fact that the deformed data are 
simply connected and axially symmetric, the results of m (see also [H2]) apply to yield a global 
Brill coordinate system (p, cj), z) such that 

(6.31) 9 = {dffi + dz"^) + ffi e~‘^^ {dfi + Apdfi + A-^dz)'^. 

Note that for this one may need to assume some additional regularity of the initial data. The 

asymptotics of the asymptotically flat end are given by 

(6.32) U = Oi{r~^), 7 = oi(r“^), Ap = poi(r“i), A^ = oi(r“i), 

and the asymptotics for the other end Mg„^ depend on whether it is asymptotically flat or asymp¬ 

totically cylindrical in the following way 


— 1 

U = 21ogr -I- oi(r 2 ), 

7 = oi{r2), 

?- 

0 

II 

71 

A^ = oi(r2) 

U = logr -|- oi(r 2 ), 

7 = oi(r^). 

Ap = poi{r'^), 

II 

0 


(6.34) 
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respectively. By following the arguments in [7] we find 

- I r 

(6.35) rnadm-M{U,u})>— — divg{uQ), 

Jm u 

where uJ is the so-called twist potential function and 

— 1 /■ _ 

(6.36) M{U,u) = — 4\dU\^ + —\duJ\^. 

3271 J^3 

This suggests that we choose 

(6.37) u = e^. 

Moreover, if u has an expansion of the form (16.201) then it must hold that Ci = —rHadm as desired, 
since with the asymptotics (16.321) the mass is given by (see [TT] 1 

(6.38) rUadm = ^ [ ^rU. 

Theorem 6.2. Let {M,g,k) be a smooth, simply connected, axially symmetric initial data set satis¬ 
fying the dominant energy condition /r > | J| and condition (16.4p . and with two ends, one designated 
asymptotically hyperboloidal and the other either asymptotically flat or asymptotically cylindrical. 
If the system of equations (|6.1ip . (I6.15p . (|6.37l) admits a smooth solution {u,Y'^,f) satisfying the 
asymptotics described above, then 

(6.39) m > 

and if equality is achieved then the initial data arise from an embedding into the extreme Kerr 
spacetime. 


Proof. In light of (j6.37p . an application of the divergence theorem yields boundary terms on the right- 
hand side of (I6.35p . It is shown in [7] that the inner boundary integral vanishes as a consequence 
of 77 = 77, and in Appendix B it is shown that the outer (at spatial infinity) boundary integral 
vanishes. Therefore rhadm P A4(U,uJ). Furthermore, Dain [20] as well as Schoen and Zhou [49] have 


shown that A4(U,lo) > \I\J\. Thus, according to (j6.6p the desired inequality holds. Also, the case 
of equality may be treated directly from the arguments in [7]. □ 


In order to lend further credence to the above procedure we show that solutions to equation (I6.15|) 
exist with the desired asymptotics. Note that the equation (16.lip , for Y^, has already been shown 
to be uniquely solvable with the desired asymptotics (|6.12p in [7], given u and /. 

Theorem 6.3. Given a smooth positive function u satisfying (j6.20p - (j6.22|) . and smooth function Y^ 
satisfying (I6.12l) - (j6.14p . there exists a smooth solution f to equation (j6.15p satisfying (I6.23|) . (I6.24|) . 
(|6.26p . and (I6.27p . 


Proof. This result may be proven in the same fashion as the analogous result [7] in the asymptotically 
flat case, once suitable sub and supersolutions of (I6.15|) are constructed. 

Let /o be a smooth function defined on M such that 


/o = \/l + r"^ + Alogr + B{9,4>) + 


Pi (0,0) Vfl9,ct>) 

o 


in 


Mtnd^ 


(6.40) 


r 
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where A, B, Vi, and P 2 are given in (j3.7p and (j6.24p . and such that /o = 0 on If / is a 

solution of (j6.15|) and h = f — fo then 


(6.41) 


Agh + 2(^^,Vh^- {Trgk) (^u-2 + |V/o + V/i|2 - + |V/o|2) 

+ (a,/o + 2 V/o^ - iTrgk)^u-^ + \Vfo\l^ = 0. 


The expressions for the coefficients of (|6.4ip in can be found in [7j. As for with the 

help of 


m 


(6.42) 


and 


5- = (l + r^)-+ 0(r-^), 

r 


= + + 0(r-6), 


9 I 


ff“^ = 0(r-5), aAP, 


(6.43) r“=0(r-5), r;„ = o(r-2), r^„ = o(r-i), r2:^ = (r.)I^ + 0(r-3), 

the asymptotics for the terms in the second line of (I6.4ip may be computed as follows 

A,/o =/" {dlfo - Tl^drfo) - g^^Kpdrfo + ^+ 0{r-^) 

rr^ 2 j^ , g^’^’drlo f 2r ^4 3Tr„m9 ^ 3m’' 


(6.44) 


=9^^dtfo + 

1 


+ 


2r2 


2 V 1 + r2 r 
Tr^j {+ 2m^') + 2m’’ 


+ 


— [ 

47r Js2 L 


Trcr (m® + 2m*') + 2m 


+ 0(r-3) 


/-r Vi A Tro-mS' Tr^m*' m’’ 

=3vTT^+2A-^ + --^^ + ^^ - 


1 


87rr2 


'52 L 


Tro- (m^ + 2m*') + 2m 


+ 0(r-3), 


(6.45) 


2(-,Vf„ 
u 


= - drudrfo + 0{r~^) 


— — 2Ci + 


2C^ - 4 C 2 - 2ACi 


2 Ci'Di — Cl + 6C1C2 — 6C3 — 4A.C2 + 2 AC^ — 2 C^ , _3, 

H- 5 - - - - + 0{r '’) 


Moreover 


(6.46) 


V«-2 + |V/o|2 = (/’’(S./o)' + (1 - + 0(r-2)) 


1/2 


= [r + A + 


l- 2 Vi 2 Ci+ 4 p 2 + m’ , _3. 


2r 


2r2 


+ 0(r-^) , 
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SO that 


(rrgfc)Vu-2 + |V/o|2 

bi^r +Tr(j (m^ — m^) — 


= 3 + 


+ 0(r-^) 


(6.47) 


^ l-2Vi 2Ci+4p2 + m’' ^, 3 . 

+ + — --+ 0(r 

. 3 ,. + 3^ + ^ + |n.^-30-(5^. ^ 

2 r 

Therefore, by definition of A, C\, Pi, P 2 h follows that 

(6.48) A,/o + 2 ^V/o^ - (rr,fc)^n-2 + |V/o|2 = 0{r-^). 

Observe also that 

^n-2 + |V/o + V/i|2 - ^n-2 + |V/o|2 


||V/o + Vh|2-|V/o| 


(6.49) 


< 


< 


^n-2 + |V/o + Vh|2 + ^n-2 + I V/o|2 

|(Vh,2V/o + Vh)| 

|V/o + Vh|g + |V/o|g 
|2V/o + Vh|g|Vh|g 


|2V/o + Vh|g 

= ivhi^. 

In order to construct radial sub and supersolutions of (|6.41|) . we first note that if ho = ho(r), then 


( 


Vu 


Agho + 2 ( -, Vho 


\ 


(6.50) + 




\/l + r2 


C'- 


—^-hT^ + 

1 _|_ 7.2 w i rr w 




where Q = Vl + r^/iQ. Further let 0(r), A(r) > 0, T{r) > 0 be bounded radial functions such that 
v/rT7^|Ag/o + 2(^,V/o) - {Trgk)^u-^ + |V/o|2 


(6.51) 

and 

(6.52) 


< T, 


{-r^ + r;, + 2(/")-^/“r;„ + ^ + © 

Vl + r2 1 y ra vy 1 y ^ 


<2l. 


where 

(6.53) 0{r) = + 0(r“^), yl(r) = 0{r~^), T{r) = 0{r~'^) in Mg+^. 
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Similar to [7] , we (radially) extend these functions to M \ in an appropriate way and define a 
supersolution /i+ of (I6.4ip by 


Kir) = - 

Jr 


C+is) 


a/I + 


ids, 

> > 


(6.54) 
where 

(6.55) C+(^) = rr(s)ei'o(®W-^W)'^‘ds < 0 

Jo 

is the solution of the ordinary differential equation 

(6.56) C+ + (6> - 2l)C+ + r = 0. 

It is straightforward to check that /i+ has the desired asymptotics. Furthermore, since < 0 it 
follows that 


A, 


h+ + 2 - {Trgk) (y/u-2 + |V/o + Vh+|2 - + |V/o|2) 

/o + 2 /o^ - (rr,fc)^u-2 + |V/o|2) 


+ A 


+ 2 


(6.57) 


\/l + 


/Vu 
\ u ’ 

ci- 


Vh+) + |rr,A:||Vh+|3 + -|= 

+ r;, + 2(5^^)-V“r;alc+ 


1 + r" 




1^(5 ) 9 -^ + 


-r 


<- 


y/l + r- 


,{C'^ + {0-A)C+ + T) 


= 0 . 


Consequently, /+ = /o + /i+ is a supersolution of (I6.15P which possesses the expansion (16.231) . Finally, 
since C- = ~C+ is a solution of the ordinary differential equation 

(6.58) !]'_ + (0 - yl)?7_ - r = 0, 

one may similarly check that f- = fo — /i+ is a subsolution of (|6.15l) . with the desired asymptotic 
behavior in and such that /_</+. □ 

Remark 6.4. It should be the case that the solutions produced in Theorem 16.31 also satisfy p6.25p . 
which is important when applying the results of m to obtain Brill coordinates for the deformed 
data. However, the estimates needed for p6.25p are not clearly derived from the typical rescaling 
argument found in (7j. Rather, it is likely that these estimates may be derived from the techniques 
in [15] (see Remark 13.51) . 


7. The Mass-Angular Momentum-Charge Inequality 

Let {M, g,k, E, B) be an axisymmetric initial data set for the Einstein-Maxwell equations, with 
the same assumptions on (M, g, k) as in Section [6l except that (16. 4p is replaced by 

(7.1) = 
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Axisymmetry entails that = £r]B = 0, and in addition it will be required that E, B are diver¬ 
gence free. The asymptotics for {E, B) in the asymptotically hyperboloidal end are given in 

(EH), whereas the asymptotics in are given separately in the asymptotically flat and asymp¬ 

totically cylindrical cases by 

(7.2) £’i = Oi(l), E^ = Oi{r), Bi = Oi{l), B^ = Oi{r), i = p,z, 

and 

(7.3) = Oi(r-i), E^ = Oi{l), Bi = Oi{r-^), B^ = Oi{l), i = p,z, 

where {p, (/>, z) are Brill coordinates in this end with r = p^ + In this setting the angular 
momentum is defined to be 

(7-4) 77 = ^ /(% - {Trgk)g^j)vlrf - ^ f il^sEii'l, 

J S J s 

where S is any surface enclosing the origin with unit outer normal Vg, and i/'s is the potential for the 
magnetic field (see m and [M! ) • The condition (j7.1|) ensures that this is well-dehned m- Moreover 
since 'ipB = 0 {r~^) as r —)• oo we have that 

(7.5) f ipsEyg = 0, 

Soo 

and hence (17.4p agrees with the limit definition in (j6.5p . The mass-angular momentum-charge in¬ 
equality states that 


(7.6) 


m? > 


+ VQ 4 + 4772 
2 


We seek a deformation of the initial data {M, g, k, E, B) —)• {M, g, k, E, B) such that M = M, 
is asymptotically flat, and 

(7.7) friadm = m, J = J, Tr-gk = 0, R> \k\^ + 2{\E\^+ \B\^) weakly, 


(7.8) 


diVg E = dWg B = 0, JEM{'n)=0, Qe = Qe, Qb=Qb, 


where J em is the momentum density minus the electromagnetic contribution of the new data. The 
structure of the deformation will be the same as that in the previous section. In particular, 'g and k 
are given by (16.9p and Y satishes (IB.lOp . It follows that the new data are again determined by three 
functions {u, /), and Tr-gk = 0. The functions u and / are chosen according to (j6.37p and (j6.15p . 

with the asymptotics (I6.2ni) - (l6.22jl and (j6.23p - (j6.27p . The function jg chosen here to satisfy a 
slightly different equation, namely 


(7.9) divjk{r]) -j-2E x B{r]) = 0, 

but will keep the same asymptotics ()6.12p - (|6.14p . This equation is equivalent to Jem{v) = 0, 
and guarantees the existence of a charged twist potential [ 8 ] in addition to a well-defined angular 
momentum by (j7.4p . As in the previous section, we then have friadm = ''tt- and J = J. 

The deformation of the electromagnetic field will follow the construction in [ 8 ]. Let ( 61 , 62,63 = 
|? 7 |“^? 7 ) be an orthonormal frame for {M,g), and set 

(7.10) E(e,) ^ B(ei) = —f^kY= for i = l,2, £( 03 ) = 8 ( 63 ) = 0. 
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Then it follows from [8] that 


(7.11) 

and 

(7.12) 


^ ~ ~ + \^%) ~ JEMiv)) + |A: — 7r|g + 2n ^ divj^uQ) 

+ 2 (^(es) - V X + 2 {B{e^) + v x E{e^))^ , 

= 0 , 


divgil^ = 


divg E 


diVgB = 


divg B 


^l + u^\Vf\l ’ ^l + u^\Vf\j 

Moreover a similar computation as in (14.6p shows that 
(7.13) EiU^ = E,ui + 0{r-^), 

which ensures that Qe = Qe and Qb = Qb- 


= 0 . 


Theorem 7.1. Let {M, g,k, E, B) be a smooth, simply connected, axially symmetric initial data 
set satisfying the charged dominant energy condition pem > \Jem\ and condition (j7.ll) . and with 
two ends, one designated asymptotically hyperholoidal and the other either asymptotically flat or 
asymptotically cylindrical. If the system of equations (|7.9p . (I6.15p . (j6.37p admits a smooth solution 
{u,Y^,f) satisfying the asymptotics described above, then 


(7.14) 


2 ^ 0 ^ + VQ ^ + 4772 


and if equality is achieved then the initial data arise from an embedding into the extreme Kerr- 
Newman spacetime. 


Proof. As in the proof of Theorem 16.21 we can apply the arguments from the asymptotically flat case 
[8] with only minor modifications, in light of (17.711 and (17.81) . The only difference arises from the 
boundary integral at null infinity, which is shown to vanish in Appendix B. □ 


Remark 7.2. Note that the system of equations associated with Theorem 17.11 is exactly the same 
as that of Theorem 16.21 save for a minor (lower order) modification in the equation for Y^ ()7.9p . 
Thus, each equation may be solved independently with the appropriate asymptotics, lending further 
support to the above procedure. 


8. Lower Bounds for Area in Terms of Mass, Angular Momentum, and Charge 


Here we point out another application of the reduction procedure presented in the previous section. 
Let (M, g, k, E, B) be as in Theorem l7.ll then heuristic physical arguments [21] lead to the inequality 


( 8 . 1 ) 


^min 

Stt 


> — 




0 ^ 

4 


-772 


where Amin is the minimum area required to enclose In |2T] this has been proven in the maximal 

case when is asymptotically flat and m represents the ADM mass. The proof follows directly 

from the mass-angular momentum-charge inequality [T2|, and the area-angular momentum-charge 
inequality m- In the general (non-maximal) case, the area-angular momentum-charge inequality 
has been established when Amin is replaced by the area of a stable, axisymmetric, marginally outer 
trapped surface m- For the mass-angular momentum-charge inequality, we have shown how to 
reduce the case of an asymptotically hyperboloidal end to that of an asymptotically flat end, modulo 
the problem of solving a coupled system of elliptic equations. Therefore a lower bound for area 
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analogous to (j8.1|) may also be reduced to the same problem, by combining Theorem 17.II above with 
the proof of a Theorem 2.5 in m- 


Theorem 8.1. Let {M, g,k, E, B) be a smooth, simply connected, axially symmetric initial data 
set satisfying the charged dominant energy condition g-EM > \Jem\ o,nd condition (|7.ip . and with 
two ends, one designated asymptotically hyperholoidal and the other either asymptotically flat or 
asymptotically cylindrical. If the data possesses a stable axially symmetric marginally outer trapped 
surface with area A, and the system of equations (17.9p . ()6.15p . (I6.37P admits a smooth solution 
{u,Y^,f) satisfying the asymptotics ()6.121) - (16.141) . (I6.20p - (l6.22p . and (I6.23p - ()6.27p then 


( 8 . 2 ) 






and if equality is achieved then the initial data arise from an embedding into the extreme Kerr- 
Newman spacetime. 


9. Appendix A: Adjustment of Asymptotically Hyperboloidal Initial Data 


In this appendix we will show that given asymptotically hyperboloidal initial data (M, g, k) as 
described in Section [21 one can perform a change of coordinates at infinity to achieve a 

TV — ^ 7*0 — ^ 

without affecting the mass aspect function. Following HZl we refer to this change of coordinates as 
an ‘adjustment’. We note that adjustment is a standard procedure which becomes relevant when 
considering deformations of asymptotically hyperbolic conformally compact metrics or their evolution 
under geometric flows, see for example the two references mentioned below. 

Let g be as in Section [2l so that it takes the asymptotics form 

(9.1) 


1 


l + r^ 


+ ^ + 0(r-6) ) dr^+(^ + 0{r-^)] drdy^ + ( ^ + 0 {r-^) ) 


dy'^dy^ 


where a is an r-independent 1-form on . Using the substitution 

(9.2) r = sinh“^ g, 

we bring g to the conformally compact form 

(9.3) 

sinh“^^ {I + ■aY+ 0{Q'^))dQ^ + {flaiaQ^ + 0 {q'^)) dgdy'^ + {aap + 

Now, similar to [21 Section III], we apply the coordinate transformation 

(9.4) 

to obtain 

(9.5) sinh“^ g (1 -(- -|- 0(g'^))dg'^ -\- 0{g^)dgdx°‘ + dx°‘dx^ 

A further substitution 

(9.6) 
yields 

(9.7) sinh“^^' (1 -|- 0{g''^))dg^ + 0{g'^)dg'dx^ + (^CTay + 0{g'^) \ dx^dx^ 




, m' o 

Q = Q +-^6 
6 
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We are now in a position to change the conformal gange as described in [U Section 3.2.1], This gives 
(9.8) g = sinh”^ g dg^ + (^aa /3 + g^ + dx'^dx^ , 


for g = g' + 0{g'^) 


To bring g back to the initial form we set f = sinh ^ p, thereby obtaining 

df"^ 


(9.9) 


9 = 


1 + f 


_ + ( ^ + 0(f-2)^ dx-dx^. 


Finally, it is straightforward to check that the described change of coordinates results in 
1 


(9.10) k = 


+ 0{r ^) ) dr^ + 0{f '^)drdx^ + I + 


-3\ 




1 + 

thus the mass aspect function remains unchanged. 


+ 0(f ^) dx^dx^, 


Remark 9.1. Note that in [H Section 3.2.1] it is assumed that the metric has smooth conformal 
compactification. In general, the application of the conformal gauge change will result in loss of 
regularity of the initial data by one derivative, see e.g. [38l Lemma 5.1]. 


10. Appendix B: Boundary Integrals 

In this section we will show that boundary integrals arising from (I3.22p and (I6.35P vanish. 
Lemma 10.1. Under the hypotheses and notation of Theorem \3.^ 


( 10 . 1 ) 



—47r(2no + A). 


In particular, this vanishes when m = niadm- 

Proof. As explained in the proof of Theorem 13.21 the results in |29] allow for an approximation by 
coordinate spheres Sr in the asymptotically flat end of {M,'g), so that 


( 10 . 2 ) 



ug{q, Vg) = lim 



Let Sr be coordinate spheres and {er,eg,ep) be an orthonormal frame (associated with cylindrical 
coordinates) in the asymptotic end of {M,g). Then calculations in Appendix C of [7] yield 


(10.3) 


1 + ^2|V5/|2 / 

1 + U2|V/|2 


u^er{f)eg{f) u'^er{f)ep{f) \ 

l + u^\Vsf\^^^ l + u^\Vsf\^^V' 


where V 5 denotes covariant differentiation on Sr- Since the area forms of Sr and Sr differ by a factor 
of Y^l + V 5 /P, it follows that 


(10.4) 


/_ ugiQ, = 

JSr JSr 


n(l + u^|Vg/P) 

7i + «2|v/|2 



u'^Crif) 
l + n2|Vs/|2 


g(Vg/)) . 
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We will now compute the asymptotics for each term in (jl0.4p . Recall the definition of q in (|3.4p . 
and observe that 


TTvv — 


uVrrf + 2drUdrf 


(10.5) 


uo 


\/l + rVl + 

1 27/0 “h jA. 


+ 0(r-3+^)) + 0(r-3+^)) 

J \r J 


+ 0(r-^+=), 


( 10 . 6 ) 

and 

(10.7) 


'TTrry — 


uVraf + drUdaf + daUdrf 


=0(1) -- 


1 7/q + 


'^0,0 — — 


^l + «2|V/|2 

+ dfjUdaf + daUd/sf 


+ 0(r-3+^) = o(r-^) 


^1 + ^2|V/|2 


= 2 (ug^'drfdrgafi + 0(1)) ( - - + 0(r-^+^) 

= r'^CTap + 0 {r^). 


1 Uq “h 


Substituting (jl0.5p . (110.611 . and (jl0.7p into the expression for q yields 


q{er) =q{\/l^t^dr) + o{r ^) 

uf^{TTrr “ krr)Vl + r'^ + uf'^{'Kra “ ^ra)Vl + 


( 10 . 8 ) 


^1 + «'|V/|2 

= v^ 1 + (r^ + r{uQ + ^) + 0(r^)) 

• (- - ^ + 0(r“^+^)^ + o{r~^) 

yr J 


+ o{r 0 


+ 0(r-^+") 


2110 4“ “4 


+ o{r ), 


and 

(10.9) 


g(V5/)= E 


- k/3j) 


^l + n2|V/| 


= or 


„-2^ 


The desired result now follows, and (llO.ip vanishes when m = ruadm since A = 2m and by Lemma 
Erl rUadm = 2m + UQ. □ 


Lemma 10.2. Under the hypotheses and notation of Theorem W. 


( 10 . 10 ) 


lim / ug{Q,Vg) = Q. 


This relies on the fact that m = madm ■ 
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Proof. Recall that 

Q{-) = (Hessg/)(y, •) - k{uVf, ■) + (k - Tr){w, ■) + {k - w) 
uVijf + Uifj + Ujfi + ligi4>Y^ + 9j4>Yf) 


udf 




( 10 . 11 ) 


T^ij — 


W = 


uVf + u-^Y‘f> _ uVf + u-^Y^ 
^l-u^\Yf\l ^l + u2|V/|2’ 

Therefore (llO.Sp implies 

/_ ugiQ,^) 

^ 2 ) = J_ u(ResSgf){Y, Ug) - k{u^Vf, Ug) 

1 


/5o 

+ 


u(l+ n^|Vs/|2) u^er{f) er{f) 

Qi^r) - . , .M ^sf) - 


500 ^l + u2|V/|2 l + ^^|Vs/P 


where 

(10.13) 


Q = {k- 'k){w, ■) + Jl + v?\Vf\l{k - tt){w, w)udf. 


Since Vg is the unit normal for an axisymmetric surface we have that k{u^Yf,Ug) = 0, and since 
Y'^ = 0{r~^) we have that (Hess^/)(!", r^) = 0{r~^). It follows that the hrst integral on the 
right-hand side of (110.121) vanishes. Furthermore, the integrand of the second integral simplifies to 


(10.14) 

(l + u^|Vg/P) 
(l + u^|Vg/P) 

(l + u2|Vg/|2) 


P,, ^ u'^erif) e,.(/) 

l + n2|Vg/|2^^^'^^^ l + u2|Vg/|2^^^^ 

u^er{f)Vsf + er{f)Y 


{k — 7r){w, Or) — {k — tt) re, 


^l + u^\Yf\j 


+ u{k — 'w)er{f) 


^1+«2|V/|2 

=,JlTv?\vJ^{k - tt){w, Or). 


(1 \( ^ I rr. \ \ u^eriffcr 

[k — 7 r)(tc, Or) + [k — t:) \ w, 




Hence 
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We now compute asymptotics of the tensor vr. Using (I6.12p . (j6.20jl . (j6.23p . and (I6.25p produces 


Tro — ( ^raf “1“ 


drUdaf , daUdrf , 1 


+ 


u 


+ -^{SaipdrY^ + grtjyday^)^ {u ^ + |V/|g) 


2\-1/2 


(10.16) 


and 


= (^dau - ^g^^dfifdrg^a + 0{r + 0(r 


7ra/3 = V 


^ d^udocf ^ daudpf ^ ^ g^^pdaY^)] (u ^ + |V/|^) 

U U ZiXL j 


|2\-l/2 


u 2u 

+ 0(1)) (J + 0(r-2)) 

= r^cTaiS + 0{r~^). 

Thus with the help of 

(10.18) er = (^\/l + + 0(r“^)^ dr + 0{r~^)de + 0{r~^)d^, 

(10.19) eg = (- + 0(r“^)^ dg + 0{r~^)d^, ^ + 0(r“^)^ d^, 

\r J -r -r yrsmO J 

it follows that 

u9{Q,i^)= u^JlTv^\vJ^{k - Tr){w{er)er,er) 
o Soo 


( 10 . 20 ) 


f u^erif){r^ + 0{l)){k - Tr)r 

'J Srm 


It is straightforward to check that (I10.20p vanishes if {k — TT)rr = o(r ^). To see that this is the 
case, observe that 


( 10 . 21 ) 

( 10 . 22 ) 

and 

(10.23) 


V../ = dU - Krdrf + 0(r-") = - + 

r 2r^ 

2drudrf _ 2Ci 4C2 + 2ACi - 2Cf 


_5 _ 1 2T>i - 1 3m^ - 2.A + 8T>: 


+ 


2A 


+ 0{r-% 


u 


+ 


Cl - 6 C 3 - 4 ^C 2 + 6 C 1 C 2 + 2CiVi + 2ACj - 2Cf 


+ 0(r-^), 


{u-^ + |Vg/P)-'/' =1 _ ^ + Pi + 2-^' 1 


+ 


2A 

im’’ + A + Ci- 2AVi + 2 V 2 - A^ 


+ 0(r-^). 


Definitions of the coefficients in (|6.24p then imply that 

drudrf 


TTrr — I rr J" I 2~ 


U 


+ gr^drY<f>^ (r-2 + |Vg/| 2 ) 


2^-l/2 


1 1 bi^J « 

= -2--.+^+0{r-% 


(10.24) 
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Moreover 

1 

(10.25) kyr = Y"——2 “I-5“ + )> 

1 + 


which leads to the desired conclusion. 


□ 
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